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ABSTRACT We have formulated a kinetic model for the primary steps that occur at the cell membrane during
receptor-mediated endocytosis. This model includes the diffusion of receptor molecules, the binding of receptors to
coated pits, the loss of coated pits by invagination, and random reinsertion of receptors and coated pits. Using the
mechanistic statistical theory of nonequilibrium thermodynamics, we employ this mechanism to calculate the
two-dimenstonal radial distribution of receptors around coated pits at steady state. From this we obtain an equation that
describes the effect of receptor diffusion on the rate of binding to coated pits. Our equation does not assume that ligand
binding is instantaneous and can be used to assess the effect of diffusion on the binding rate. Using experimental data for
low density lipoprotein receptors on fibroblast cells, we conclude that the effect of diffusion on the binding of these
receptors to coated pits is no more than 84% diffusion controlled. This corresponds to a dissociation rate constant for
receptors on coated pits (k ) that is much less than the rate constant for invagination of the pits (A = 3.3 x 107%/s} and
a correlation length for the radial distribution function of six times the radius of a coated pit. Although the existing
experimental data are compatible with any value of &, we obtain a lower bound for the value of the binding constant
(k) of 2.3 x 10-*(um)?*/s. Comparison of the predicted radial distributions with experiment should provide a clear

indication of the effect of diffusionon k*.

INTRODUCTION

Protein molecules, such as insulin, or large molecular
clusters, such as low density lipoproteins (LDL), enter cells
through different mechanisms from small molecules or
hydrated ions. Large molecules are too big for pores,
channels, or simple carriers and enter by more complicated
routes (1). During the last two decades it has become clear
that many large molecules enter cells through a process
mediated by mobile receptors situated in the cell mem-
brane (2, 3). After binding to the receptor, the ligand-
receptor complex appears to move by diffusion in the plane
of the plasma membrane until it encounters specialized
patches called coated pits. These patches are visible as
fuzzy areas in electron micrographs and are composed
predominately of a protein called clathrin (4). Coated pits
provide locations where the plasma membrane can invagi-
nate. Although the fate of these invaginations inside the
cell is controversial (5, 6), the invaginations function to
carry ligands bound to receptors into the cell. This process
is called receptor-mediated endocytosis.

Receptor-mediated endocytosis is a remarkable mech-
anism for gaining entrance to a cell. It has many points
for potential control, ¢.g., negative feedback of internal-
ized ligands on the rate of receptor synthesis, and is
known to be the mechanism of entry of a great number of
substances into a variety of cells (1, 6, 7). Although few
details of the molecular mechanism for individual steps
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in the process are known, it has been possible to measure
membrane diffusion constants for several different
receptors (8, 9, 10). The receptors, which are present in
the order of 10°-10° copies per cell (11), have been
hypothesized to be inserted randomly on the cell surface
(1). If this is so, they must diffuse until they are bound in
the clathrin-coated pits. The measured diffusion con-
stants are smaller than expected on the basis of viscosity
measurements of cell membranes, possibly due to inter-
ference by submembrane structures (8, 9, 10). Because
diffusion is slow, it has been suggested that the rate of
association of receptors and coated pits is a diffusion-
controlled rate process (12). Such a process would be the
two-dimensional analogue of diffusion-controlled reac-
tions in solution (13), such as fluorescence quenching.
The intrinsic rate of these reactions is so rapid that the
rate at which reactants diffuse together ends up deter-
mining the overall rate of the reaction (14).

Several calculations have been made to assess the effect
of diffusion on the binding of receptors to coated pits
(12, 15, 16, 17). These calculations are based on Fick’s
diffusion equation and use ideas borrowed from the
Smoluchowski theory for solution phase reactions. Unfor-
tunately, the Smoluchowski theory has a logarithmic
divergence in two dimensions. Consequently, it has been
necessary to introduce modifications into the Smolu-
chowski theory or to use the diffusion equation to estimate
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rate constants by calculating mean first-capture times for
receptors.

Here we present a calculation of the effect of diffusion
on the binding rate of receptors by coated pits that is free
of the problems of the Smoluchowski theory (18, 19). We
rely on the mechanistic statistical theory of nonequi-
librium thermodynamics (20, 21) to calculate the steady-
state radial-distribution function of receptors around
coated pits. This type of calculation has been successfully

_applied to rapid reactions in solution (19,22), and
accounts for a variety of effects, including the lifetime for
reactants, that are not included in the Smoluchowski
theory. The theory can also be applied to reactions that
are confined to membranes without the divergences that
plague the Smoluchowski theory (19).

The calculations here are restricted to a particular
model. This model, described in the following section,
specifically assumes that receptors are inserted randomly
into the membrane, as originally envisioned by Goldstein
et al. (1). Recently there has been evidence presented for
certain receptors that insertion is not random, but rather
is preferential in the neighborhood of coated pits (23).
Our calculation, although based on random insertion,
gives rise to a structured radial distribution function of
unbound receptors around coated pits. This distribution
of unbound receptors increases with distance from the pit
with a characteristic length, {§~'. This length depends on
the rates of the kinetic processes involved in the process of
endocytosis, and we obtain an explicit expression for £
using our model.

Another basic assumption in our model is that receptor
molecules are capable of binding to coated pits indepen-
dently of ligand binding. While this is true for some
receptors, such as LDL receptors on fibroblasts (1), other
receptors appear to bind to coated pits only when their
ligands are already attached (24). Although our calcula-
tions can be extended to include this complication, we
have not yet done so. The measurements of the movement
of receptors by photobleaching experiments have demon-
strated that their motion is diffusive in character
(8, 9, 10). Nonetheless, it is conceivable that recycling of
the plasma membrane induces a mechanical streaming
that may be capable of conveying receptors to coated pits
(25). Although we do not consider such a mechanism
here, our results have some implications for this proposal.
According to our findings, even the very small diffusion
constant that characterizes LDL receptors on fibroblasts
is large enough to account for the observed rate of
turnover and distribution of the LDL receptors. While we
do not rule out the existence of membrane streaming
theoretically, we do conclude that diffusive transport of
receptors coupled with the kinetics of binding and unbind-
ing from coated pits provides a quantitative explanation
of existing data for LDL receptors on fibroblasts.

Our calculation does not assume an instantaneous
intrinsic rate of receptor binding to coated pits. Thus it
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can be used to assess the effect of diffusion on the binding
process. With the exception of the dissociation rate con-
stant of receptors from coated pits, &, the parameters
needed for calculating the binding rate constant, k*, of
LDL receptors on fibroblasts have been measured. In the
section entitled Diffusion-controlled Binding of LDL
Receptors, we carry out the calculation of k* assuming
that binding is diffusion controlled. We find that the
experimental data for LDL receptors is incompatible with
the assumption of diffusion control. In the section entitled
Combined Diffusion-Reaction Control: LDL Receptors,
we drop this assumption. Our calculations there show that
no matter what the size of the dissociation rate constant of
receptors from coated pits, the binding rate is no more
than 84% diffusion controlled. Hence we conclude that
while diffusion may have a significant effect in the
receptor mediated endocytosis of LDL, the existing data
are compatible with no diffusion effects. In the section
entitled The Radial Distribution Function: LDL Recep-
tors, we evaluate the radial distribution function for LDL
receptors around coated pits. We find that receptors are
depleted within a range of about six times the radius of a
coated pit. If the dissociation rate constant, k-, is small
enough, this phenomenon should be observable in images
of fibroblast membranes quenched from 37°C. This pro-
vides a new prediction for testing the effect of diffusion in
the random insertion model. Finally, in the section
entitled Relationship to Smoluchowski Theory, we exam-
ine the relationship of the present theory to earlier
calculations based on the modified Smoluchowski theory.

MODEL OF CELL MEMBRANE PROCESSES

Three elementary processes are included in our model of the membrane-
based events that occur in receptor-mediated endocytosis (12, 16, 17).
We first consider the process of invagination in which coated pits are
removed from the active membrane surface. We treat this as a first-order
rate process dependent only on the total number of coated pits, N,
present at a given time. Thus invagination is assumed to be independent of
the number of receptors bound to the coated pit. If the area of the
membrane is A, then the time rate of change of the number density, p, =
N,/ A, of coated pits due to invaginations is

(dpp/dt )invag = _xppv ( l)

where A™' is the average lifetime of a coated pit before invagination. To
account for the fact that coated pits are recycled from the invagination
process, we must add to this a term X, to account for the reinsertion of
pits. For simplicity we treat this term as a constant, so that the rate of
change of p, is given by

dp,/dt = —Ap, + K, )

Two molecular processes are important for the membrane bound
receptors. First, we assume that the receptors are mobile so that they
diffuse through the plasma membrane. Thus at any position r = (x, y) in
the membrane surface, the local number density of free receptors, p,(r, 1),
changes according to Fick's law. This imples that

[apr(rv t)/at]diﬂ' = szpr(rs l)w (3)

where D is the diffusion constant for the receptors. Again, for simplicity,
we assume that the diffusion constant for a receptor is independent of

BIOPHYSICAL JOURNAL VOLUME 47 1985



whether or not it carries a bound ligand. This is probably a good
assumption since the magnitude of receptor diffusion constants is proba-
bly dominated by the cytoplasmic constraints.

The local number density of free receptors also changes because of the
binding of receptors to coated pits. This is a nonlinear process that
involves encounters between a free receptor and a coated pit. To make this
plain, we distinguish among coated pits that have j = 1,2,3, .. . receptors
bound to them. If the number of pits with j receptors bound is V,;, then
their surface density is p,; = NV,;/ 4. The elementary binding process can
be represented by

K

p.+r _—
T

; Pjrs (4)
Jj+ 1)k

where p; represents a coated pit with j receptors and s is an unbound
receptor. The rate constant for the unbinding step is proportional to
(Jj + 1) since any of the (j + 1) bound receptors could be escaping. Thus
1/k" is the average lifetime of a receptor in a pit. This process leads to the
following kinetic equations for the change in p,

(apr/al); = _k+prppj + (j + l)k_pp.j+[9 (5)

where j = 0. If both sides are summed over j, we get the net effect on p, of
the binding process, which is

(apr/al)bmd = k*prpp + k_(Nrp/A)’ (6)

where N, = 2, jp,;A4 is the total number of receptors in pits. Since the
receptors in pits are localized in the pits, their physical number density is
N,/ A,, where A is the total area occupied by the pits. This is in practice
~1% of the total membrane area under steady state conditions at 37°C.
For simplicity in the resulting equations we use instead the density N,/ A,
which is the overall number density of receptors in pits. Thus

Pp=Ny/A = ijpj' O]
J
In this notation
(8. /8)vina = — k¥ pupy + k™ pyy, 8)

Finally, we must consider a contribution to the local density of receptors
that comes from reinsertion of receptors into the membrane. Assuming
that this is uncorrelated with the density of the coated pits, we treat this
term as a positive constant, K,. Adding to this term to Egs. 3 and 8, it
results that

dp, /0t = —k*pp, + k p, + DVp, + K,. 9)
P 3

Using Eq. 6 and the definition of g, in Eq. 7, we find that binding
changes the overall density of receptors in pits according to

(aprp/at)bind = k+prpp - k_prp' (10)

This term must be supplemented with the rate of loss of receptors from
the membrane when the pits invaginate. As we have assumed that this
process is independent of the number of receptors in a pit, it follows

(6ppj/6l)invag == Appjv (] l)
so that multiplying Eq. 11 by j and summing as indicated in Eq. 7 gives
(aprp/at)inv:g = - Aprp ( 12)

Adding Eqgs. 10 and 12 together gives the total effect of invagination and
binding on p,, as

aprp/at = k+pppr - k_prp - Aprp' (13)
Egs. 2,9, and 13 are the basic kinetic equations of our model.
Our model is essentially that proposed by Wofsy and Goldstein
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(12, 16, 17). The differences are that we explicitly retain the dissociation
rate, kK~ p., in our calculations; we treat the rate of recycling of pits and
rate of insertion of receptors as constants; and, finally, we explicitly
include the effect of diffusion of the receptors. Like earlier models, we
have made several simplifying assumptions. First, we have assumed that
insertion of receptors is uncorrelated to the location of the pits. Second, we
have assumed that receptors are free to bind to pits whether or not they
are carrying ligands. Third, we assume that the binding of a ligand does
not modify the diffusion constant of a receptor. All these restrictions, in
principle, can be relaxed in our model.

CALCULATION OF THE DENSITY
FLUCTUATIONS

Egs. 2, 9, and 13, which define the dynamics of our model, describe only
what happens in the cell membrane on the average. In other words, if we
examine a particular section of the membrane that contains a large
number of receptors and pits, these equations give us the expected
behavior. However, in a large section of membrane one actually has a
distribution of densities of receptors and pits. Thus, there are density
fluctuations (20, 21). These fluctuations are not included in the average
description, although it is known that the same events that describe
the average dynamics can be used to describe these fluctuations
(18,19, 20, 21).

Since the coated pits may, in principle, occupy any spatial position in
the membrane, they are distributed, on the average, uniformly in a
membrane. The same holds true for the receptors. Thus, on the average,
our model implies that

dp,/dt = —Xp, + K, (14)

and

dBr/dt = ‘k+5p5r + k“ﬁrp + Kr*
d;rp/dt = k+‘_7p‘_)r - k_ﬁrp - Aﬁrp: (15)

since diffusion effects vanish in a system that is uniform on the average.
Egs. 14 and 15 can be used to obtain the steady state values of 5,, p,, and
P that is, the constant values when transient time dependence has
vanished. This means that the left-hand sides of Egs. 14 and 15 are zero.
The solutions to the steady state equations are

SN+ kT
or =%++) (16)
Ppk
o =K/ (17
sy = Ky /A (18)

We are interested in calculating fluctuations about these averages. In
particular we are interested in obtaining the average number density of
unbound receptors around a coated pit, p,,. This function can be obtained
from the statistical fluctuations in density at steady state using the
relationship (18, 19, 22)

(8p,(1)3pr') ) = o [pp |1 — F']) — p¥] (19)

where the angular brackets represent the statistical average over the
steady state distribution function and dp(r) = p(r) — !, the fluctuation
of the density around its steady state value. It is conventional to write the
function p,,,([r -r |) in terms of the radial distribution function (26),
8,.» Which is defined by g, = p,,/p,. Thus the radial distribution function
can be calculated from the formula

g. (v = v 1) =1 + (3p,(n)dpr) )*/ 05 b (20)

The radial distribution function gives information about the average
spatial distribution of receptors around coated pits.
The radial distribution function can also be used to calculate the
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binding rate constant, k*. The formula (18, 19, 22} requires a knowledge
of k%r), which is called the intrinsic reaction rate constant, and for
circular symmetry in two dimensions is

k* =2 I " K(r) g, (r)rdr. (21)

The simplest type of reactivity function dictates that binding occurs only
at the radius, R, of the pit with an intrinsic rate constant, k°. Thus X°(r) =
k°(r — R)/2xr, and so Eq. 21 implies that (19)

k* = Kg, (R). (22)

The reaction will be diffusion controlled when k°/k* » 1 (an intrinsically
rapid reaction) for which one recovers the Smoluchowski or sink boun-
dary condition (13) g, (R) = 0. Eq. 22, however, is more general and
includes the possibility that diffusion is only partially rate limiting, i.e.,
Kik* = 1.

To obtain the radial distribution function we calcuiate the pit-density,
receptor-density correlation function indicated on the right-hand side of
Eq. 20 using the mechanistic statistical theory of nonequilibrium thermo-
dynamics (20, 21). According to that theory fluctuations in the densities
of coated pits, receptors in pits and unbound receptors can be obtained by
linearizing Eqs. 2, 9, and 13 around steady state and then adding
appropriate random terms. The resulting equations are

86p, /3t = — Nop, + f, (23)
300, /3t = — k*pop, — k*pZop, + DV%p, + k3p, + fi (24)
30p,y /3t — k*pPdp, + Kk*pidp, — (k™ + Ndpy, + fi. (25)

The random terms, f;, are given by the mechanism. They are multivariant
white noise that vanish on the average and have the covariant matrix
(20, 21)

FEDFT(F,)) = v(er)é( — v). 26)

The form of + is obtained in the Appendix

[ApS 0 Apr 1

0 kpiop+ ke —(k oo}
y(r.r) - -20V; +hkow)  |o(r—r),
. —(k* o’y k' pr'oy
Aorp s ) s
| +k~pr) +(k™ + )\(/))prp. 7

where we have indexed p = 1, r = 2, and pr = 3. Consider, now, the
covariance matrix (dp(r)dp;(r'))* = oy(r,r'). This matrix is known to
solve the matrix differential equation

Ho + oHT = — v, (28)

which is called the steady state fluctuation-dissipation theorem. The
matrix / is the linear matrix differential operator in Egs. 23-25,
namely,

-A 0 0
H(r,v) = | —k*p? —k*p} + DV? 'S r—r). (29)
kol k*py —(k” +X)

In the notation of Eq. 28 the pit-density receptor-density correlation
function is given by ¢, = o,,. The solution of Eq. 28 is most easily
obtained (19) by two—dimensional Fourier transformation of Eq. 28, i.e.,

o, (k, k) = ﬁ Jar fav et o). (30)
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Performing the indicated integrals and solving the resulting algebraic
equations we find that

S A LS
where
b=bA/(A+ k)
b=2XN(Q2\+ k™)
The inverse Fourier transform is standard (19) and yields
(80,(N3p (1) Y* = o1(|r = ¥'|)
= Kb Katle — el o

4nD

where K, is the McDonald function (also called a modified Bessel
function) of order zero (27). Thus using Eq. 20 the radial distribution
function is

b
3 Koln. (39

+

gr.p(’) =1 -

EFFECT OF DIFFUSION ON THE BINDING
RATE CONSTANT

The effect of diffusion, if any, on steady state endocytosis,
comes through effects on the binding rate constant, k.
According to the previous section, k* can be calculated
using Eq. 22. For our model of endocytosis, g, , is given by
Eq. 34, so that Eq. 22 becomes explicitly

kb
4dxD

k* = k"[l - Ko(ER) ] (35)
Since Eq. 32 shows that ¢ depends on k*, Eq. 35 is a
transcendental equation for k* in terms of A\, k=, D, k% R
and p;. As a practical matter it has not been possible to
measure k- or k°. However, Eq. 16, which determines the
steady state values of p{°, provides additional information.
It can be written

k=22t k). (36)
Pr Pp

Eqgs. 35 and 36 provide two independent equations for k™.
The steady state values of p = (p3;/07°) and p; needed in
Eq. 36 can be estimated from electron micrographs using
various labels. The value of A also has been measured for
certain membranes (28). We are not aware of any mea-
surements that have established values for A~ in any
system.

Were the value of &° known, Eqgs. 35 and 36 could be
used to establish the values of both k* and k~. We carry
out a calculation of this sort in the following section.
Alternatively, if one knows &7, then Eqgs. 35 and 36 can be
used to establish the values of k* and k°. This calculation is
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carried out in the section entitled Combined Diffusion-
Reaction Control: LDL Receptors.

DIFFUSION-CONTROLLED BINDING OF
LDL RECEPTORS

As mentioned in the Introduction, our model is appropriate
for receptor mediated endocytosis of LDL receptors on
fibroblasts. Evaluation of the effect of diffusion on the
binding rate using modifications of the Smoluchowski
theory has led to the conclusion that the binding reaction is
diffusion controlled. In the context of the present theory
this implies that the intrinsic rate constant, &°, is very
large. More specifically, solving Eq. 35 we see that

4xD[bKy(£R)]'k°

o 4D BK,GR @7
The reaction will be diffusion-controlled when
K° > 4xD[BK,(£R)] ', (38)
in which case
k* = 4xD/bK(£R), (39)

with b and £ given in Eq. 32. Notice that k° no longer
appears in Eq. 39. Thus under the assumption that the
reaction is diffusion controlled, we can attempt to find
simultaneous solutions of Egs. 39 and 36 for k* and k™. To
do this we eliminate k* from Eq. 39 using Eq. 36. We find
that

2rDp; (2 + f) A2 1+ A~
T= Ko (R(B) [l + 2p (5+—f)] ), (40)

where f = k™ /\. Because of the way we defined p§, p =
o5/ 07 is the ratio of the number of receptors in coated pits
to the number of receptors out of the pits at steady state. Its
value is known for LDL receptors on fibroblasts. Since the
value of A, as well as all other parameters in Eq. 40, are
known, we can solve Eq. 40 for k~. Using the values in
Table I and defining x = (1 + f)/(2 + f), Eq. 40
becomes

1.2 = (1 — x)Ko(0.086]1 + 4.4x}'/?). (41)

Notice that x is bounded below by 2 and above by 1. Thus
we need to find an x in this range that solves Eq. 41. For
Ik = x < I, the argument of K, in Eq. 41 varies between
0.15 and 0.20, and the value (27) of K, varies between 2.01
and 1.75. Since (1 — x) varies between 0.5 and 0 over this
range, Eq. 41 has no solution for LDL receptors based on
the values in Table 1. Because the values in Table I are
taken from experiments that have a fairly large uncertain-
ty, it is not possible to state categorically that the binding
of LDL receptors is not diffusion controlled. Indeed, by
using a somewhat different set of values, which are still
plausible experimentally, it is possible to obtain a solution
to Eq. 41. We explore the importance of diffusion on the

KEIZER ET AL. Effect of Diffusion on Binding of Receptors

TABLE 1
CHARACTERISTIC PARAMETERS FOR LDL
RECEPTORS ON FIBROBLASTS

Parameter Symbol Value Source

Radius of coated
pits R
Receptor diffusion
constant D
Steady state den-
sity of coated
pits (37°C) 5
Invagination rate
constant A
Number ratio of
receptors in pits
to receptors out
of pits

0.10 um Reference 17

4.5 x 107 (um)?/s Reference 8

0.31 (um)"? Reference 17

33 x107%s Reference 17

P =pn/o? 2.2 Reference 17

binding of LDL receptors further in the next section by
dropping the assumption of diffusion control.

COMBINED DIFFUSION-REACTION
CONTROL: LDL RECEPTORS

In the previous section we assumed the intrinsic binding
rate was so rapid that the binding process was completely
under diffusion control. Here we relax that assumption and
allow for the possibility that the intrinsic reaction rate, k°,
is not indefinitely large. Thus the rate constant would be
affected by both diffusion and reaction rates. Our analysis
is based on the more general expression for k* in Eq. 37.
For ease in writing we define the diffusion-controlled value
of k* to be {cf. Eq. 39)

kp = 4xD/bKy(£R). (42)
Thus we can rewrite Eq. 37 in the form
k* = kpk®/(kp + K°). (43)

To analyze diffusion effects on k*, we examine the ratio
k*/k® = y. Dividing both sides by k°, Eq. 43 can be
written

1

. 44
1+ kJkpy @4

y

or
y=1-=(k"/kp). (45)

We obtain an explicit expression for y in terms of x by
substituting Eq. 36 for k* on the right-hand side of 45 and
for k* in the argument of &, using the definition of ¢ in Eq.
32. This leads to

pA(1 — x)
2w Do

A 1/2
Ko (R (5) [1 + 2ox]"%).  (46)
For LDL receptors we again use Table I to evaluate the
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parameters in Eq. 46, finding that

(1-x)

-1-
y 12

K(0.086[1 + 4.44 x]'/?). (47)

Eq. 47 can be used to evaluate the effect of diffusion on k*
as a function of the value of £, the unbinding rate. Recall
that

x= (1 +k/N/Q + kN, (48)

and that x lies in the range '» < x < 1. As we have seen in
the previous section, there is no value of x for which (1 —
x) K, is as large as 1.2. Thus y must be greater than zero. In
other words, k° is not indefinitely large and so the reaction
cannot be diffusion controlled, as was noted in the previous
section.

To find k* and k° for different values of k-, we need only
assume a value of k™ and then use Eqgs. 47 and 48. The
smallest value that x can have is !4, corresponding to k= =
0. According to Eq. 47 this gives

y =1 —0.42 K,(0.15) = 0.16. 49)
Thus
k* =0.16 k°, (50)

which means that the reaction rate is less than that
predicted by diffusion control, but that diffusion still has a
predominant effect. Indeed, combining Eqs. 45 and 50
gives

k* =084k, (1]

so that the reaction is ~84% diffusion controlled. For
values of k&~ greater than zero, the effect of diffusion
decreases. For example, for x = 0.67, k- = A and the
reaction is only 53% diffusion controlled. Finally, if &~ is
greater than A by a factor of 10 or so, then y ~ 1 and
diffusion will have no effect on the binding reaction.

The effect of an increased value of the dissociation rate
constant, k-, on the observed binding constant, k*, is easy
to understand. When k™~ is zero, the reaction is 84%
diffusion controlled. In terms of the radial distribution
function in Eq. 34 this means that the density of receptors
at the radius, R, of a coated pit is depleted by 84% of its
average value in the membrane. This is the cause of the
resultant decrease in the observed value of k*. A nonzero
value of k= means that there is a reinjection of receptors
into the membrane near R. The effect of this reinjection is
small if the average residence time of a receptor in a pit,
i.e., 1/k7, is much longer than the lifetime of a coated pit,
i.e, 1/A. In other words, as long as A » k=, which
corresponds to x ~ !4, dissociation will be ineffective in
countering the slowing effect of diffusion. However, for x ~
1, k= » A, and so the residence time of a receptor in a
coated pit is much shorter than the lifetime of a pit. This
implies that reinjection of receptors from the coated pit
into the membrane is an important process and will raise
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the receptor density near the pit. This will counteract the
effect of diffusion.

To evaluate the magnitude of k* for the range of
{unknown) values of k~ for LDL receptors, it is simplest to
use Eq. 36. Employing the values in Table I, this equation
can be written

k* = [23x/(1 — x)] x [10"2(em)’s""]. (52)

The smallest possible value of x is ', corresponding to k™ =
0. This provides the same lower bound for k* obtained by
Wofsy and Goldstein (16, 17), namely,

2.3 x 107 % (um)*s~' < k*. (53)

If k™ is comparable to A, the value of k* increases. Thus for
k™ = X, x = 0.67 and the calculated value of k* is 4.6 x
1072 (m)’s~"'. We can set an upperbound for k* by using an
expression for k° equal to the two-dimensional collisional
rate of an LDL-receptor complex with a coated pit,
namely

k° < 2R(2xky T/m)'/2. (54)

Here &g is Boltzmann’s constant, 7 is the absolute temper-
ature, and m is the mass of a receptor-LDL complex.
Estimating (16, 17) the mass of an LDL-receptor complex
to be 3 x 10° daltons, gives an upper-limit value for £° of
~5 x 10°(um)?*/s. The only way that k* could achieve such
a high value would be in the complete absence of diffusion
effects. The experimental data for LDL receptors could
support such a value only if X~ were much larger than A
and binding occurred with every encounter of an LDL
receptor and a coated pit.

RADIAL DISTRIBUTION FUNCTION:
LDL RECEPTORS

The existing data on LDL receptors do not provide a
conclusive test of the effect of receptor diffusion on endocy-
tosis. As we showed in the previous section, diffusion will
have a large effect (84%) if the dissociation reaction is slow
and no effect if the dissociation reaction is rapid. Our
calculations, however, suggest an experimental method
that may help to differentiate between these two extreme
possibilities. Because our calculation is carried out for the
stationary state, we have been able to determine the radial
distribution function of receptors around coated pits. That
result is given by the formal expression in Eq. 34. Using the
expression for b in Eq. 32, the expression for k* in Eq. 47
and the values in Table I, the radial distribution function
for LDL receptors can be written

go(r) = 1 — 0.84(1 — x)K,(0.086[1 + 4.4x}'/*+/R). (55)
The quantity
£' = R/(0.086[1 + 4.4 x]'/?) (56)

in Eq. 55 is the correlation length. Its value is rather
insensitive to the value of x. It varies from 6.5 R when x =

BIOPHYSICAL JOURNAL VOLUME 47 1985



%4 to 5.0 R when x = 1, and provides a measure of the
length scale on which the radial distribution of density
changes.

Perhaps the most striking feature of this radial distribu-
tion function is its dependence on the value of x = (1 +
k=/N) /(2 + k™ /X). When k™ is much greater than A\, x = |
and g ,(r) ~ 1. This means that the density of receptors
adjacent to a coated pit is identical to its average value in
the membrane and indicates, as discussed in the section
entitled Diffusion-controlled Binding of LDL Receptors,
that diffusion has no effect on the binding process. The
maximum effect of diffusion occurs when k= = 0 and x =
15, which gives

&olr) = 1 — 0.42 Ko(r/6.5 R). (57

This expression, which is graphed in Fig. 1, shows a
pronounced dip at the radius of the pit, corresponding to
the removal of receptors by the pit and the inability of
diffusion to replace them. As Eq. 57 shows, the correlation
length of the radial distribution function is 6.5 R when
k= = 0. This length is appreciably longer than the radius of
a pit and yet much shorter than the average distance
between coated pits, which is the order (16, 17) of 18 R.
Thus it seems reasonable to expect that membrane imag-
ing techniques should be able to detect such a decrease in
density of receptors near coated pits, if it exists.

If k™ is comparable to A, the dip in the radial distribution
function is less pronounced. For example, for x = 2/3,
k= = A and the radial distribution function is

golr) = 1 — 0.28 Ky(r/5.9 R). (58)

Although the correlation length of £' = 5.9 R is not
changed much by an increased value of k-, the magnitude
of the dip at the origin is greatly decreased. This is
illustrated in Fig. 1. This effect is amplified as k= gets
larger, and when &k~ exceeds A by more than a factor of 10,

FIGURE | The radial distribution function of free LDL receptors
around coated pits under three possible conditions. The lowest curve
corresponds to &~ « A in Eq. 57, the middle curve to k= = A in Eq. 58, and
the upper curve to &~ » A. The radial distance scale is the radius of a
coated pit, R.
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the density of receptors near a coated pit is within 90% of
its average throughout the membrane.

We believe that membrane-imaging techniques may be
able to settle the question of diffusion effects by directly
observing the radial distribution function of receptors
around coated pits. In these experiments it would be
necessary to freeze-in the radial distribution function that
develops during active endocytosis at 37°C by rapidly
quenching the samples to a lower temperature. The tem-
perature would need to be low enough so that both the
recycling of coated pits and receptors as well as their
diffusion was stopped. Whether or not this can be achieved
in practice is not clear.

Freeze fracture images of LDL receptors and coated pits
on fibroblasts have been published (28). In that study the
fibroblasts were incubated at 4°C so that recycling of
receptors and pits was inhibited. In our model this implies
that the lifetime of the pits is effectively infinite, that is
A = 0. We can analyze this special case using Egs. 32 and
34. Eq. 32 shows that the coefficient of K in Eq. 34 goes to
zero like A%, whereas the argument of K, vanishes like A'/2.
Since for small values of its argument (19) K (y) =
In( y/2), it follows that g, ,(r) = 1 when the lifetime of the
coated pits is infinite. This is the expected result for
thermodynamic equilibrium (19), which is the prevailing
condition when neither pits nor receptors are recycling.
Although we have not carried out a detailed analysis of the
freeze-fracture images at 4°C, it is our visual impression
that the radial distribution function is featureless as pre-
dicted by our calculation. We hope that data will become
available to carry out an analysis of the radial distribution
function under active endocytosis.

RELATIONSHIP TO THE SMOLUCHOWSKI
THEORY

The fluctuation theory calculation that we have applied to
describe diffusion effects on binding differs in significant
ways from the Smoluchowski theory. For the sake of
completeness we briefly examine some of the differences
and similarities between the two types of calculations. As
mentioned in the Introduction, the straightforward appli-
cation of the Smoluchowski theory in two dimensions leads
to a logarithmic divergence from the steady state calcu-
lation. Thus several modifications of that theory, which
rely on the idea of trapping of diffusing receptors by static
sinks, have been proposed (12, 15,16, 17,30, 31). The
basic idea is to use the numerical value of the surface area
occupied by an average sink, i.e., 1/p7, to introduce a
characteristic length that removes the divergence. To do
this, a disk of radius & having this area, i.c., mb* = 1/p5, is
associated with each sink. The annular region between
r = Rand r = b is then used to calculate the average time,
t,, that it takes a receptor in this annulus to reach the
boundary of the pit at r = R. A reflection boundary
condition is used at » = b in order to keep receptors from
escaping through the outer boundary.
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There are several ways of implementing the calculation
of the observed rate constant. One way is to calculate 7,
directly from the diffusion equation and use the relation-
ship

o= 1/k* g, (59)

Another is to relate k* to the flux of receptors at the
boundary of the sink, in analogy to the usual formulation of
the Smoluchowski theory (13). This later approach (16,
17) yields the result originally obtained by Berg and
Purcell (31)

Iz
“~ 2011 - R/
x [In(b/R) — % + (R/b)’ — (R/b)!/4]. (60)
In the limit of dilute sinks Eq. 60 reduces to
t. = (6*/2D)[In(b/R) — %]. (61)

A similar equation was obtained by Adam and Delbriick
(30), however, with the term 3% replaced by 5. This
difference between the two results depends on the way in
which boundary conditions are chosen (16, 17).

The plausibility of the modified Smoluchowski theory
suggests that there should be a relationship between the
Berg-Purcell result and the fluctuation theory calculation.
Since the static sinks in the modified Smoluchowski theory
have an infinite lifetime, one might imagine that taking the
infinite lifetime limit, i.e., A — 0, in the fluctuation theory
result in should lead to the Berg-Purcell result. This,
however, is not the case. In Eq. 37, for example, we have
utilized the average steady state conditions in Eqs. 16-18.
Thus, if we take A — 0, it follows that K, and K, (the
recycling rates of coated pits and receptors) must also
approach zero if pj, and pj are to maintain the observed
values given in Table i. However, if there is no recycling,
the steady state is an equilibrium state and, consequently,
the radial-distribution function must be unmodified from
its equilibrium form, i.e., lim,_ g;,(r) = 1. Indeed, this is
easily verified using Eq. 34 and Eq. 32 since

!\il% BKO(E’)
. 2x2 2k+pss
| yr|_=—= e
T K T E) K°(WD] [n Tk '])
N 2t p*
_1 n|2K* 0} _
lim —= [ln([A/D]’ = 1])} 0. (62)

Consequently, Eq. 22 implies that k* = £°for A = 0.

The disagreement between fluctuation theory and Eq.
60 arises because of the inconsistency in comparing the
Berg-Purcell result (which holds when A = 0) and experi-
mental data (which hold for A # 0). Goldstein and Wofsy
(16, 17) have recently modified the Berg-Purcell calcu-
lation so that it applies when A £ 0.

The present fluctuation theory-type calculation can be
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applied to the problem of trapping static sinks in two
dimensions, that is, the problem posed by Berg and Purcell.
To do so we need to solve the appropriate fluctuation
formulae for mobile receptors in a background of static
sinks. This has been done already rather generally, and in
two-dimensions one finds that (32)

+

&plr) =1 - Ko([k* o5/ D]'r). (63)

27D

Assuming that the sinks are perfect absorbers means that
g,(R) = 0; or from Eq. 63 that

1/k* = Ko{[k*p%/D)'"*R) [ 2xD. (64)

From Eq. 64 it is easy to show that as the density of pits
goes to zero

k*p5/D=(1.D)"' — 0. (65)

To compare the solution of Eq. 64 with the Berg-Purcell
result in Eq. 61 we use Eq. 59 and the fact that #6” = 1/p}
to rewrite Eq. 64 in the form

Dt = (6’/2)Ko([t.D]"'R). (66)

At low density of pits p; we use Eq. 65 and the asymptotic
expansion

Ko(x) ~ —[In(x/2) + 7], (67)

where v = 0.5772 ... (Euler’s constant) to rewrite Eq. 66
as

Dt = (¥ /2){In([¢.D]'*/R) — v + In2}. (68)
Iterating this expression once gives

t. = (*/2D)MIn(b/R) — v + nV2
Yln(In([¢.D]'?/R) — v + In2)}.  (69)

Even though ¢. becomes large at low density, the natural
logarithm of the final term in Eq. 69 will be small. Thus,
approximately, we find at low sink density that

t. = (¥*/2D)[In(b/R) — 0.231]. (70)

Except for the final term this is identical to the Berg-
Purcell and Adam Delbriick results. Since in the fluctua-
tion theory there is no ambiguity associated with boundary
conditions, we conclude that Eq. 69 gives the correct
low-density limit for trapping time by static sinks in two
dimensions.

APPENDIX

The correlation matrix of the random terms, f., in Eqs. 23-25 is
determined by the postulates of the statistical theory of nonequilibrium
thermodynamics (20,2} ). The general form is (19)

Y1) = 2 wu(V.* + V., )wgd(r — 1), (A1)

BIOPHYSICAL JOURNAL VOLUME 47 1985



where V; are the forward and reverse rates of the elementary processes
(labeled by x) causing changes in the variables p, = p,, p; = p,, and
P3 = pyp. The w,; are changes in the variable N; = 4p, that occur in the
elementary process «. The elementary processes in the present model
are the j=1,2,... processes of binding indicated in Eq. 4, the
Jj = 1,2, ... processes of invagination in Eq. 11, and receptor diffusion.
Receptor diffusion involves only the receptors and gives rise to the term
in Eq. 27 involving the diffusion constant (19-21). The binding
processes effect only the receptors, N,, and the receptors in pits, N;.
For each value of j, w; =0, wp = ~1 and w; = +1 and
V) + V7)) =(k*pyp, + k°[j + 1]p,,,). Summing over these j pro-
cesses as indicated in Eq. Al gives rise to the binding terms in Eq. 27.
For the invagination processes w; = — 1, wp =0, and w; = —j and
(V] + V;) = Ap,;. Summing over j here gives the terms in Eq. 27
involving A, where in the term vy;;

(3 = 2_J*%hl o (A2)
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